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Abstract 

We determine all maximal subgroups of the almost simple groups 
with socle T = PSL(2, q), that is, of all groups G such that PSL(2, q) ^ 
G ^ PrL(2,g), with q > 4. 

1 Introduction 

The problem of determining the maximal subgroups of the almost simple 
groups has a long history and has received much attention (see for example 
[U El H21 EES EH])- One of its most important applications is in determin- 
ing all primitive permutation representations of such groups. All subgroups 
of PSL(2,g) were determined by Dickson in 1901 (see [5]) and from this 
one can easily read off the list of maximal subgroups. Recent combinato- 
rial applications jU [7j required a list of all maximal subgroups of any al- 
most simple group with socle PSL(2, q), that is, of all groups G such that 
PSL(2, q) ^ G ^ PrL(2,g), with q > 4. There are statements in the litera- 
ture about maximal subgroups of PGL(2,g) (for example [H |9]) and for all 
such G with small values of q [3], but despite the fact that the general case 
is folklore, we are unaware of any general treatment in the current literature. 
The maximal subgroups of all low-dimensional classical groups will be de- 
termined in [2] using the framework of Aschacher's Theorem, and this will 
include all groups with socle PSL(2, q). The purpose of this note is to use 
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Dickson's classification of the maximal subgroups of PSL(2,g) to determine 
the maximal subgroups of any almost simple group with socle PSL(2, q). Our 
proof follows along the lines of the determination in [10] of all maximal sub- 
groups of the almost simple groups with socle a Suzuki group Sz(q) given 
Suzuki's classification [15] of the maximal subgroups of Sz(q). 

The group PGL(2, q) is the group of all fractional linear transformations 

az + b 



of the projective line X = {00} U GF(g), where a, b,c,d G GF(q) with ad — 
be 0. Note that t a ,b, c ,d = t Xa ,\b,\c,\d for all A G GF(g). Then PSL(2,g) = 
{t a ,b,c,d I ad — be is a square}. Let £ be a primitive element of GF(g) and 
8 = %o,o,i- Then PGL(2,g) = (PSL(2, q), S). For q = pf , with p prime, we 
can also define the map <p : z ^ z p on X . Then PrL(2,g) = (PGL(2,g),0) 
and we define PSL(2,g) = (PSL(2,g),0). 

Let T be a finite nonabelian simple group and G be an almost simple 
group with socle T. Subgroups of G containing T correspond to subgroups 
of G/T so we concentrate on the subgroups of G which do not contain T. 
If M is a maximal subgroup of G then M D T is not necessarily maximal 
in T. If M fl T is not maximal in T then M is called a novelty. It is the 
possible existence of novelties which requires that extra work needs to be 
done to determine the maximal subgroups of G. The following theorem lists 
all novelty maximal subgroups of almost simple groups with socle PSL(2, q). 

Theorem 1.1. LetT = PSL(2, q) 4. G ^ PrL(2, q) and let M be a maximal 
subgroup of G which does not contain T. Then either M fl T is maximal in 
T , or G and M are given in Tabled 

Corollary 1.2. Let PGL(2,g) ^ G < PrL(2,g) and suppose that M is a 
maximal subgroup of G. Then M fl PGL(2, q) is maximal in PGL(2, q). 

Theorem 11.11 is proved by combining Propositions 13.11 13.21 13.31 and 13.41 
From these propositions we can also list the maximal subgroups of any almost 
simple group with socle PSL(2,g). This provides the following two results. 

Theorem 1.3. Let G = PSL(2, q) for q = p* forp an odd prime and f > 2. 
Then the maximal subgroups of G which do not contain PSL(2,g) are: 

(1) . the stabiliser of a point of the projective line, 

(2) . N G (D q ^)forq^9, 

(3) . N G (D q+1 )forq^9, 
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(4) . S 5 forp = ±3 (mod 10) and f = 2, 

(5) . ]Vg(PSL(2, go)) with q = q' Q for some prime r (2 conjugacy classes if 

r = 2). 

Theorem 1.4. Let G = PrL(2, q) for q > 4 not a prime. Then the maximal 
subgroups of G which do not contain PSL(2, q) are: 

(1) . the stabiliser of a point of the projective line, 

(2) . NaiPus-i)), 

(3) . N G {D 2(q+1) ), 

(4) . A^g(PGL(2, g )) for q = q$ with r prime, go 7^ 2 and r odd if q odd. 

By [HI Theorem 2.1], if G ^ PrL(2,g) is 3-transitive on the projective 
line then either G contains PGL(2, g), or g = p$ with p odd, / even and G = 
M(s,q) = (PSL(2,g),0 s 5) for some divisor s of f/2. Note that M(l,9) = 
M 10 . We can now list the maximal subgroups of M(s, q). 

Theorem 1.5. Let G = M(s,q) with q = p* where p is an odd prime 
and s divides f/2. Then the maximal subgroups of G which do not contain 
PSL(2,g) are: 

(1) . the stabiliser of a point of the projective line, 

(2) . N G (D q -i), 

(3) . N G {D q+l ), 

(4) . ]Vg(PSL(2, go)) where q = ql with r an odd prime. 

2 Preliminaries 

We begin by stating Dickson's result about the maximal subgroups of PSL(2, q). 
The result is divided according to the parity of q. 

Theorem 2.1. Let q = 2? > 4. Then the maximal subgroups o/PSL(2,g) 
are: 

(1) . C*2 x Cq-i, that is, the stabiliser of a point of the projective line, 

(2) . D 2{q _ x) , 
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(3) . D 2 ( q+ i), 

(4) . PGL(2, q ), where q — q^ for some prime r and g ^ 2. 

Theorem 2.2. Let q = p? > 5 with p an odd prime. Then the maximal 
subgroups o/PSL(2,g) are: 

(1) . C£ x C( 9 _i)/ 2; that is, the stabiliser of a point of a projective line, 

(2) . D q _ lt for q> 13, 

(3) . D q+1 , for q^ 7,9, 

(4) . PGL(2,g ) 7 for q = q 2 (2 conjugacy classes), 

(5) . PSL(2, q ), for q = g£ where r an odd prime, 

(6) . A 5 , for q = ±1 (mod 10), where either q = p or q = p 2 and p = ±3 

(mod 10) ^ conjugacy classes), 

(7) . A 4; /or g = p = ±3 (mod 8) and q ^ ±1 (mod 10), 

(8) . /or g = p = ±1 (mod 8) (2 conjugacy classes). 

Let T = PSL(2, g) for_g > 4. Then Aut(T) = Pn(2, g) = (T, 5, 0). Now 
Out(T) = Aut(T)/T = (5) x (0) ^ C( 2) ,-i) x C>. We will frame our results 

in terms of the homomorphism p : Out(T) — > (5) defined by {T,^) h- > 5* 
for all 2 and j. If there is a unique conjugacy class of maximal subgroups of 
a given isomorphism type then and 5 fix this class setwise. The following 
lemma deals with the case when there are two conjugacy classes of a given 
isomorphism type. 
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Lemma 2.3. Let T = PSL(2,g) < G < PrL(2, q) with q odd and suppose 
that T has two conjugacy classes of maximal subgroups of T of the same 
isomorphism type. Then these two classes are fused in G if and only if 
p(G/T)^l. 

Proof. By [3], given the conditions on q in parts (4), (6) or (8) of Theorem 
12.21 there is a unique conjugacy class of S4 subgroups, A 5 subgroups and 
PGL(2,g ) subgroups in PGL(2,g) and so 5 fuses each pair of conjugacy 
classes. 

The only cases where 0^1 and there are two classes of isomorphic 
maximal subgroups are PGL(2,g ) when q = q%, and A 5 when q = p 2 for 
P = ±3 (mod 10). The subgroup {t at b, c ,d \ a,b,c,d G GF(g )} — PGL(2,g ) 
of T is clearly normalised by and so the two classes of PGL(2, q ) subgroups 
are fused in G if and only if p(G/T) 7^ 1. Suppose now that q = p 2 for p = ±3 
(mod 10). Then T has two conjugacy classes C\, C 2 of A 4 subgroups and two 
conjugacy classes D 1: D 2 of A 5 subgroups. Each pair of conjugacy classes is 
fused in PGL(2,g). Since A 5 has only one conjugacy class of A4 subgroups, 
it follows that C x = {R < H \ H e D U R = A 4 }. As C x and C 2 are 
fused in PGL(2,g), each v4 4 subgroup of T is contained in an A 5 and so 
C 2 = {R ^ H I H G D 2 ,R = A4}. Hence two A 5 subgroups in different 
T-conjugacy classes do not meet in an v4 4 . Let H = A 5 and R = A^ be a 
subgroup of H. Then R is contained in some PGL(2,p) subgroup S of G. 
Now S is centralised by some element g<j) with g G T and so g0 centralises 
R. Since the only A 5 subgroups containing R are conjugate to H it follows 
that H 9 ^ = H 9 for some g' G T. Thus does not fuse D\ and D 2 and the 
result follows. □ 

Given a group if and prime r we define O r (H) to be the largest normal 
r-subgroup of H. Note that O r (H) is characteristic in H. We say that if is 
local if it normalises an r-subgroup for some prime r, while we say that H 
is nonlocal otherwise. Let T < G be groups and if be a subgroup of H. We 
say that H extends from T to G if G = TNq(H). The following lemmas are 
combinations of [HI Lemmas 1.3.1, 1.3.2 and 1.3.3]. 

Lemma 2.4. Let T be a nonabelian simple group and T ^ G ^ Aut(T). 
Suppose that M is a maximal subgroup of G with M not containing T and 
M = T n M. Then 

(1) . M/M = G/T; 

(2) . M = N G (M ); 

(3) . O r (M ) < M; 
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(4) . Ifl<K^M andK<M then M = N T (K); 

(5) . If M is nonlocal then Ct(soc(M )) = 1. 

Lemma 2.5. Let T be a nonabelian simple group and T ^ G ^ Aut(T). 
Then the following hold. 

(1) . Suppose that H is a maximal subgroup of T . Then H extends from T 

to G if and only if Nc(H) is a maximal subgroup of G. 

(2) . A subgroup H of T extends to G if and only if the T-conjugacy class 

of H is the G-conjugacy class of H. 

(3) . Suppose 1 < H ^ K < T, and that K extends from T to G and H 

extends from K to N G (K). If H is self-normalising in T then N G (H) ^ 
N G {K). 

3 Determining the maximal subgroups 

We first deal with the case where M = M (IT is nonlocal. We have the 
following proposition. 

Proposition 3.1. Let T = PSL(2, q) ^ G ^ Pn(2, q) forq>4 and let M 
be a maximal subgroup of G not containing T such that M is nonlocal. Then 
one of the following holds. 

(1) . q = p = ±1 (mod 10), G = T and M = A 5 . (2 classes) 

(2) . q = p 2 , p = ±3 (mod 10), G = T and M = A 5 . (2 classes) 

(3) . q = p 2 , p = ±3 (mod 10), G = PSL(2,g) and M = S 5 . (2 classes) 

(4) . q even, M = A^g(PGL(2, q Q )) where q = q$ for some prime r and 

qo + 2. 

(5) . q odd, M = iV G (PGL(2,go)), q = Qo, and G «C PEL(2,g). (2 classes) 

(6) . q odd, M = iV G (PSL(2, qo)), q = q^ for some odd prime r. 

In particular, M is not a novelty. Conversely, each case listed is in fact a 
maximal subgroup. 
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Proof. Letting M = M D T and looking at the list of maximal subgroups of 
PSL(2, g), we see that either Mq = A 5 is maximal in T, or Mq ^ i^, where 
.K" = PSL(2, g ) or PGL(2, g ) is maximal in T. Suppose first that Mq = A 5 
is maximal in T. Then either q = p = ±1 (mod 10) or q = p 2 and p = ±3 
(mod 10). In the first instance Out(T) = C2 and the two classes of maximal 
A 5 subgroups are fused in PGL(2, q) by Lemma [2~31 Hence we have case (1). 
In the second case Out(T) = C\. If G = T then we are in case (2). By 
Lemma l2~3l if p(G/T) ^ 1 then the two classes of maximal A§ subgroups are 
fused in G and so by Lemma [2.51 Ng{A§) is not maximal in G. This leaves 
us to consider G = PEL (2, q). Since fixes both of the T-conjugacy classes 
of A 5 subgroups it follows from Lemma 12.51 that Ng(A 5 ) is maximal in G. 
Moreover, as A 5 is not in a subfield group, (ft does not centralise A 5 . Hence 
Nq(A 5 ) = 5*5 and so case (3) holds. 

Suppose next that M ^ K, where K = PSL(2, q ) or PGL(2, g ), with K 
maximal in T. Then K = Ct{o) for some outer automorphism a of T. Since 
Out(T) is abelian, [M, a] ^ T. Moreover, [M, a] commutes with M Q and 
so [M,a] sC C T (M ). By Lemma C T (soc(M )) = 1 and so [M,a] = 1. 
Since M is maximal in G it follows that M = Cc{a)- Thus M = Ct{o) 
and so Mq = K and M is not a novelty. If q is even or q = q$ for r an 
odd prime, then there is a unique conjugacy class of maximal subgroups 
Mo = PSL(2,go)- Thus Lemma 12.51 implies that M = Ng(Mq) is maximal 
and we get cases (4) and (6). If q = q 2 with q odd then there are two classes 
of maximal PGL(2, g ) subgroups in T and by Lemma |2~31 these are fused in 
G if and only if p(G/T) ^ 1. Thus A^g(PGL(2, go)) is maximal in G if and 
only if G ^ PSL(2,g). This gives case (5). □ 

When M = M H T is local, there is some prime r such that O r (M ) ^ 1. 
Then O r (Mo) has nontrivial centre Z, which is characteristic in Mq. More- 
over, Z has a unique maximal elementary abelian subgroup (the group gener- 
ated by all elementary abelian subgroups of Z) and so this is also characteris- 
tic in Mq. Hence when M Q is local there is an elementary abelian r-subgroup 
E of M such that E < M. There are three cases to consider: r = p, r = 2 
and r is an odd prime dividing q ± 1. 

Proposition 3.2. Le£ T = PSL(2,g) < G < PrL(2,g) with q = p f > 4 
/or some prime p, and suppose that M is a maximal subgroup of G which 
normalises an elementary abelian p-subgroup E of Mq — T n M. Then M 
is the stabiliser of a point of the projective line. In particular, M is not a 
novelty. Conversely, the stabiliser in G of a point of the projective line is 
maximal. 

Proof. By Lemma 12.41 M = Na(E). Moreover, E is contained in a Sylow p- 
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subgroup P of T and so is contained in some stabiliser K — C( 9 _i)/( 2i9 _i) 
in T of a point of the projective line. Since P is abelian P ^ M , and since 
the only maximal subgroup containing P is K we have Mo ^ K. Moreover, 
as K/P is abelian it follows that Mq < X. Since M = Ng{Mq) we have 
Mo = K and so M = Nq{K). Thus M is the stabiliser of a point of the 
projective line. Moreover, since K is maximal in T it follows that M is not 
a novelty and as T has only one conjugacy class of subgroups isomorphic to 
K, Lemma 12.51 implies that the stabiliser in G of a point of the projective 
line is maximal. □ 

Proposition 3.3. Let T = PSL(2,g) ^ G ^ Pn(2,g) with g > 4 and 
let r be an odd prime dividing q ± 1 . If M is a maximal subgroup of G 
which normalises an elementary abelian r-subgroup E of Mq = M flT for 
some odd prime r dividing q ± 1 then M = Nc(D(2, q -i)( q ±i)) ■ Conversely, 
-^ r G(-D(2, g -i)(< ? ±i)) is maximal in G except 

(1) . Nq {Da} when G = PSL(2,5) orPGL(2,5), 

(2) . D 8 or D % when G = PSL(2, 7), 

(3) . N G (D W ) orN G (D 8 ) when G = PSL(2, 9) or PSL(2, 9), 

(4) . Dio when G = PSL(2,11). 

Proof. Since r is an odd prime dividing q ± 1 it follows that Nt{E) = 
D( 2 ,q-i)(q±i)- Hence M = D^, q -i)( q ±i) and M = iV G (Mo). For q ^ 7,9, 
Theorems 12.11 and 12.21 imply that D( 2 ,q-i)(q+i) is maximal in T and since 
there is a unique conjugacy class in T of such subgroups, Lemma 12.51 im- 
plies that A* r G (Z}(2 i q_i)( g+ i)) is maximal in G. Similarly, when q > 13 then 
-^g(-D(2,(j-i)(<?-i)) is maximal in G. The assertions about the maximality of 
-^ r G(-D(2, (? -i)(q±i)) for small values of q can then be checked in [3]. □ 

Proposition 3.4. Let T = PSL(2,g) ^ G ^ PrL(2,g) with q>5 odd, and 
let M be a maximal subgroup of G which normalises an elementary abelian 
2-subgroup E of Mq = T fl M. Then one of the following holds: 

(1) . I^l = 2 and Mq = D q ±i where 2 divides 

(2) . \E\ = 4 and M = A 4 with q = p = ±3 (mod 8). Conversely, N G (A 4 ) 

is maximal in G for these values of q except when G = PSL(2,g) and 
q = ±l (mod 10). 

(3) . \E\ = 4, Mq = PSL(2,3) = A 4 and q = 3 r for r an odd prime. Con- 

versely, Nc(Mq) is maximal in G in this case. 
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(4) . \E\ = 4, M = PGL(2,3) = S 4 , q = 9 and G = PSL(2,9) or PEL(2, 9). 

(2 classes) Conversely, Ng{M ) is maximal in G. 

(5) . \E\ = 4, M = S 4 , q = p = ±1 (mod 8) and G = T (2 classes). 

Conversely M is maximal in G. 

Proof. Looking at the list of maximal subgroups of T we note that \E\ = 2 
or 4. If \E\ = 2 then M = N T (E) = D q±1 where 2 divides Thus we 
have case (1). 

If \E\ = 4 then Mq = A4 when q = ±3 (mod 8), while Mo = S4 when 
q = ±1 (mod 8). Suppose first that M is contained in a subfield group of T, 
that is Mo ^ Cr(a) for some field automorphism a. Since Out(T) is abelian, 
then [M,a] C T (M ) = 1. Thus M = C G (a) and M = C T (a). Hence g is 
a power of 3 and C T {a) = PSL(2,3) 2* A 4 or PGL(2,3) S 5 4 . Since M is 
maximal, Cq{o) is not contained in the centraliser of any other automorphism 
and so q = 3 r for some prime r. If r is odd then Mq = PSL(2, 3) = A± and 
there is a unique such class. Moreover, PSL(2,3) is maximal in PSL(2,3 r ) 
for r odd and so by Lemma [231 Ng(M ) is maximal in G. Thus we have case 
(3). If r = 2 then M = PGL(2,3) = 5* 4 and there are two classes of such 
subgroups. These classes are maximal in T and by Lemma 12.31 are fused in 
G if and only if p(G/T) 7^ 1. Hence by Lemma [2.51 Ng{Mq) is maximal in 
G if and only if p{G/T) = 1. Thus we have case (4). 

Suppose now that M is not contained in a subfield group. Then by 
Theorem I2.2[ either M = A 4 and q = p = ±3 (mod 8), or M = 5 4 and q = 
p = ±1 (mod 8). Note that the only possibilities for G are then PSL(2,g) 
and PGL(2,g). If q — p = ±1 (mod 8) then there are two classes of S± 
subgroups and these are maximal in T. By Lemma 12.31 they are fused in 
PGL(2, q) and so do not extend to maximal subgroups of PGL(2, q). Hence 
we have case (5). If q — p = ±3 (mod 8) then there is a unique conjugacy 
class of A 4 subgroups and A^ PGL (2,g) (At) = 5 4 by [5J. Now v4 4 is maximal 
in T if and only if q ^ ±1 (mod 10). If q ^ ±1 (mod 10) then Lemma [2.51 
implies that iVpGL(2,q)(Ai) is maximal in PGL(2, q). If q = ±1 (mod 10) then 
Mo is contained in an A$. However, by Lemma [2.31 PGL(2,g) interchanges 
the two classes of maximal A 5 subgroups of T while there is only one class 
of A 4 subgroups. Hence in this case we also have A r PGL (2, g )(^44) is maximal 
in PGL(2,g). Thus case (2) holds. □ 

Note that the maximality of NG{D q ±i) was determined in Proposition ^. 31 
Collating the results of Propositions 13. 1[l3~3l and l3~4l we can deduce Theorems 
11.11 11.31 11.41 and 11.51 follow. We also obtain the following well known list of 
maximal subgroups of PGL(2, q) for q odd. 
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Theorem 3.5. Let G = PGL(2,g) with q = p? > 3 for some odd prime p. 
Then the maximal subgroups of G not containing PSL(2,g) are: 

(1) . C/X 

(2) . D i{q . 1)} forq^b. 

(3) . D 2 ( q+1 ). 

(4) . S 4 forq = p = ±3 (mod 8). 

(5) . PGL(2, q Q ) for q = q$ with r an odd prime. 
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